It is well known that the Poisson Lie algebra is isomorphic to the Hamiltonian Lie algebra [1],[3], [13] . We show that the Poisson Lie algebra can be embedded properly in the special type Lie algebra [13] . We also generalize the Hamitonian Lie algebra using exponential functions, and we show that these Lie algebras are simple.
Introduction
Let F be a field of characteristic zero . Throughout this paper N will denote the non-negative integers. Let F [x 1 , · · · , x n ] be the polynomial ring in indeterminates x 1 , · · · , x n .
Recall that the generalized Witt algebra W (n), as a Lie subalgebra of the algebra of operators on F [x where ∂ j is the usual derivation with respect to x j . Please refer to Kac's and Rudakov's papers for more details on W (n) [7] , [11] , [12] .
Let F [x 1 , · · · , x n , y 1 , · · · , y n ] be the polynomial ring in indeterminates x 1 , · · · , x n , y 1 , · · · , y n . Recall that the Poisson algebra H(n) is a subalgebra of the algebra of operators on F [x 1 , · · · , x n , y 1 , · · · , y n ] and has a basis B := {x This makes it a Lie algebra. Thus we have the series of the Poisson Lie algebras
It is very easy to check that {x i y i |1 ≤ i ≤ n} is the set of all ad-diagonal elements of H(n) with respect to the above basis B. It is also well known that {x i ∂ i |1 ≤ i ≤ n} is the set of all ad-diagonal elements of W (n), with respect to the above basis. We also consider the following Lie algebra:
k+1 · · · x in n ∂ t |i 1 , · · · , i n ∈ N, t ∈ {1, · · · , k − 1, k + 1, · · · , n}, 1 ≤ k ≤ n} 
= j k x
Then the above Lie algebra is isomorphic to the special type Lie algebra S n [13] . The Hamiltonian Lie algebra H 2n is realized as the subalgebra generated by the elements
Then, we observe that the Lie algebra H 2n is a proper subalgebra of S 2n . Consider the commutative associative algebra over F [1] , [6] :
with basis
Define the generalized Poisson algebra H(n, n) with Poisson bracket for f, g ∈ F n,n given by
The Lie algebra H(n, n) generalizes H(n 
we know that the Lie algebra H(n, n) has a one dimensional center F. Thus, we consider the quotient Lie algebra H(n, n) = H(n, n)/F. Note that the algebra generated by basis elements whose exponential parts are all zero is just a Poisson Lie algebra H(n) := H(0, n) [1] , [6] , [13] .
Consider the commutative associative algebra over F [6] F n,i * := F [e
with basis like F n,n , where
Consider the Lie algebra W (n, i * ) with basis
and the Lie bracket
for any f, g ∈ F n,i * [1], [13] . Let us put m + · · · + r = M. We denote Z m = Z x Z x · · · x Z, m copies of Z for any m ∈ N. The Lie algebra W (n, i * ) has a Z M -gradation as follows: 
Let us call W (a 11 ,···,a 1m ,···,a n1 ,···,anr) the (a 11 , · · · , a 1m , · · · , a n1 , · · · , a nr )-homogeneous component of W (n, i * ) and elements in W (a 11 ,···,a 1m ,···,a n1 ,···,anr) the (a 11 , · · · , a 1m , · · · , a n1 , · · · , a nr )-homogeneous elements.
Definition 1 Let us define a lexicographic order > o on the Z
M -gradation of W (n, i * ) as follows: given two elements
by the natural lexicographic ordering in Z M . Thus, any element l ∈ W (n, i * ) can be written using the Z M -gradation and the order (4).
Note that W (0,···,0) is a sub-algebra of W (n, i * ) and has basis
Let us define the homogeneous number w h (l) of l as the total number of different homogeneous components of l. Let us define the total number of (a 11 , · · · , a 1m , · · · , a nr , · · · , a nr )-homogeneous elements of l as T (a 11 ,···,a 1m ,···,anr,···,anr) . We define hp(l) of l ∈ W (n, i * ) as the highest power among all powers which appear in l.
The main results of this paper are the following.
2 Generalized Witt algebras
is a non-zero element then the ideal < l > generated by l contains an element l 1 whose powers of polynomial parts are positive integers.
Proof. We can assume l ∈ W (n, i * ) has a non-zero (0, · · · , 0, a i,j , a i,j+1 , · · · , a nr )− homogeneous element. Then, take x
n are sufficiently large non-negative integers, then
of W (n, i * ) with j t = 0 and some j ts = 0 where 1 ≤ t ≤ n, we have
and
Then (6) − (5) = 2e
For any basis element
with j t = 0 and some j t1 , · · · , j tg = 0, we have
Thus
Therefore, we have proven the lemma. 2
Theorem 1
The Lie algebra W (n, i * ) is a simple Lie algebra.
Proof. Let I be non-zero ideal of W (n, i * ). Then, by Lemma 1 there is a non-zero element l whose polynomial parts are positive. We prove I = W (n, i * ) by induction on w h (l).
Step
If a 11 = · · · = a nr = 0, then the theorem holds by Lemma 2 since W (n) is simple [7] .
because of the term
u+1 · · · x jn n ∂ t of (10). We have I ∩ W (n) = 0. Therefore, we have I = W (n, i * ) by Lemma 2.
Step 2. If the theorem holds for w h (l) = n − 1 for any l ∈ I, then the theorem holds for w h (l) = n. Proof of Step 3. If l has (0, · · · , 0)−homogeneous elements and maximal (0, · · · , 0, a us , · · · , a nr )-homogeneous elements such that a us = 0, then
Applying the Lie bracket (hp(l 2 ) + 1) times gives us w h (l 1 ) = n − 1. Therefore, we proven the theorem by induction. If l has no (0, · · · , 0)−homogeneous elements and maximal (0, · · · , 0, a us , · · · , ) -homogeneous elements such that a us = 0, then
and l 1 has w h (l 1 ) = n with (0, · · · , 0)−homogeneous elements. Thus, we proved this case above. Therefore, the Lie algebra W (n, i * ) is simple. 2 Consider the sub-algebra W (1, i 11 , · · · , i 1n ) of W (n, i * ) with basis {e a 1 x i 11 · · · e anx i 1n x j ∂|a 1 , · · · , a n ∈ Z, j ∈ N}.
Corollary 1
The Lie algebra W (1, i 11 , · · · , i 1n ) is a simple Lie algebra [11] .
Proof. This is clear from the previous theorem. 2
Lemma 3 Let L be any Lie algebra over field F of characteristiv zero. If θ is any Lie algebra automorphism of L and {l i |i ∈ I} is the basis of L, then {θ(l i )|i ∈ I} is also a basis of L where I is an index set.
Proof. This is trivial. 2 Let W + (1) be the Witt algebra over a field F of characteristic zero with basis B = {x i ∂|i ∈ N} and with Lie bracket
Note that x∂ is the ad-diagonal element of W + (1), with respect to B. Note that [x∂,
Proposition 1 If θ is any automorphism of W + (1), then θ(x∂) = αx∂ + β∂ with α = 0 and α, β ∈ F [8] .
Proof. Let θ be any automorphism of W + (1). Then
with α n,1 = 0, and α 0,1 , · · · , α n,1 ∈ F. Let us assume that
with α m,0 = 0 and α 0,0 , · · · , α m,0 ∈ F. Thus, we have
On the other hand,
where * represents the remaining terms. From (12) and (13), we have n = m or n = 1. First let us assume n = m. For
with α t,p = 0, and p = 1, α 0,p , · · · , α t,p ∈ F. On the one hand,
where * * represents the remaining terms. Then t = n or n = 1. Since t = 1, we have n = 1. Therefore, we have proved the proposition. 2 Note that for any automorphism θ of W + (1) we can determine θ(x j ∂) for any x j ∂ ∈ B inductively on i.
Generalized Poisson Algebras
In this section we prove the simplicity of H(n, n). The Lie algebra H(n, n) has Z 2n −gradation as follows:
where
Definition 2 We define a lexicographic order > h on basis (3) as follows: given two basis elements,
by the natural lexicographic ordering in Z 2n .
Using the Z 2n −gradation and the order > h , an element l ∈ H(n, n) can be written as follows:
n e f 11 y 1 · · · e f 1n yn y
with appropriate scalars in F and the lexicographic order. Recall that in [11] , lp(l) is defined as the highest power of all polynomials of l.
, we have lp(l) = 9.
For any l ∈ H(n, n), let us define h h (l) as the cardinality of
, we have h h (l) = 2.
Lemma 4
If l ∈ H(n, n) is a non-zero element, then the ideal < l > generated by l contains an element l 1 whose powers of polynomial parts are positive integers.
Proof. Since H(n) is a Z 2n −graded Lie algebra, it is enough to show the lemma holds for a basis element
We can assume b 1u = 0, because {e ryu , l} = 0
for some large r ∈ N. Take an element x Proof. Since H(n) is a simple Lie algebra [12] , we have H(n) ⊂ I. For any basis element
n , we need to show l ∈ I; without loss of generality we can assume a 1 = 0 always. Assuming i 1 = 0, we have
Thus l ′ ∈ I. Inductively we can get x n l ′ ∈ I. Thus, we have proved the lemma. 2
Theorem 2
The Lie algebra H(n, n) is simple.
Proof. Let I be a non-zero ideal of H(n, n). Then there is a non-zero element l ∈ I whose polynomial parts are positive by Lemma 4. We prove the theorem by induction on h h (l) for an element l ∈ I.
Step 1. If the ideal I has an element l with h h (l) = 1, then I is H(n, n). Proof of Step 1. Assume l is (0, · · · , 0)−homogeneous; then I = H(n, n) by the simplicity of H(0, n) [12] and Lemma 5. Assume that l is (0, · · · , 0, a s , a s+1 , · · · , a n , b 1 , · · · , b n )− homogeneous with a s = 0. Then l can be written as follows:
with appropriate scalars in F and the lexicographic order of (14). We can assume j 1s = 0, (if not, then
is the required element where r is a sufficiently large positive integer). Then {e −asxs , l} = 0 and {e
Therefore, by using the above procedure (17) we can get an element l 1 ∈ I which is (0, · · · , 0)−homogeneous. Thus, we proved the theorem by the previous lemma and the simplicity of H(0, n) [12] .
Step 2. If the ideal < l > has an element l with h h (l) = n (n ≥ 2), then I has an element l ′ with h h (l ′ ) = n − 1. Proof of Step 2. Let l be the element in I such that h h (l) = n. If l has a (0, · · · , 0)-homogeneous element and maximal (0, · · · , 0, a r , · · · , a n , b 1 , · · · , b n )-homogeneous element such that a r = 0, then l 1 = {y r , {y r , {· · · , {y r , l} · · ·} = 0, with (lp(l)+1)-times Lie brackets, and l 1 has no (0, · · · , 0)-homogeneous element. Then h h (l 1 ) = n − 1. If l has no (0, · · · , 0)-homogeneous element, then l has a maximal (0, · · · , 0, c q , · · · , c n , d 1 , · · · , d n )-homogeneous element and minimal (0, · · · , 0, a r , · · · , a n , b 1 , · · · , b n )-homogeneous element. Then l can be written as follows:
with appropriate scalars in F.
We can assume one of m 1r , · · · , m qr is non-zero (if not, {y k q , l} = 0 is the required element for k a sufficiently large positive integer.) Then {e −arxr , l} = 0.
If h h (l 1 ) ≤ n − 1, then we have proved this step by induction. If h h (l 1 ) = n, then we apply the above procedure (17) and get an element l 2 ∈ I which has a (0, · · · , 0)−homogeneous element. Therefore, we can get an element l 3 without a (0, · · · , 0)−homogeneous element. We have
has algebra basis
Thus we can consider this algebra to be the sub-algebra H(n, 0) of H(n, n).
Theorem 3
The Lie algebra H(n, 0) is a simple Lie algebra.
Proof. The proof is similar to that of Theorem 2. 2
Proposition 2
The Lie algebra H(n, 0) is not isomorphic to H(0, n) = H(n).
Proof. This is clear from the fact that H(0, n) has an ad-diagonal element, but H(n, 0) has no ad-diagonal elements. 2 The following method is very useful for finding all the derivations with ad-diagonal elements.
Proposition 3 All the derivations of the Poisson Lie algebra H(n) are sums of inner derivations and scalar derivations.
Proof. Let D be any derivation of H(n). Then we have following forms:
By adding βad x i 1 1 ···x in n to (19) with an appropriate scalar β, we can remove the right hand side of (19). We need only to check the case D(x 1 y 1 + · · · + x n y n ) = α 1,1,···,n,n (x 1 y 1 · · · x n y n ), where α 1,1,···,n,n ∈ F. But an easy calculation shows that α 1,1,···,n,n = 2 − 2n. Actually this comes from the scalar derivation S such that Note that the Lie algebra H(0, 1) is isomorphic to the Lie algebra V considered in [9] .
Consider the F -algebra [6] F n,n,i * := F [e n ] like the F -algebra F n,n (3), where i 11 < · · · < i nm ∈ N − {0} are fixed non-negative integers. Then we get the generalized Poisson Lie algebra H(n, n, i * ). If we remove the one-dimensional center, then we get the Lie algebra H(n, n, i * ) = H(n, n, i * )/F.
Theorem 4
The Lie algebra H(n, n, i * ) is a simple Lie algebra [11] .
Proof. The proof is similar to that of Theorem 2. 2 It is very easy to see that H(n, n) has no ad-diagonal element by using the gradation of H(n, n).
